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B C

Ō D

]

>'����/� �?�� �78 @26 D -#�� >2A�� � ?�� >2B(�6 �CDC" E�� � �!��" &'�(�" B -F � %. )4��
>2B( &'�(�" G' @26 A �H�� %2IJ %� �/� ��A �?�� >2B( &'�(�" G' Ã %K2�6 � � det(Ã) = �

��� L�#M ��+4�N� �' ��)6 L�#M �' -F �� �O�/�" 	�
�� �>'����/� �?��
�

�)2/. �� �� �� �'1 	�
�� 	�
 ���
x� + �x� + x� = �,

�x� + �x� + �x� = �,
−x� − �x� = �.

;�#8 %� 	�
�� �� �O�/�" 	�@�� &'�(�" �����
[
A|b] =

⎡
⎣ � � � �

� � � �
−� −� � �

⎤
⎦ ,

P'�� ���� ���� ��� Q�� %� Q�� ���M� � �����L�R %5��:" �� �?��
⎡
⎣ � � � �

� � � �
−� −� � �

⎤
⎦ m��=�

m��=−�
−−−−−→

⎡
⎣ � � � �

� −� � �
� −� � �

⎤
⎦ m��= ��−−−−→

⎡
⎣ � � � �

� −� � �
� � �� ��

⎤
⎦ .

P'�� ��<S ����='�M ��� 1� 	�7��� ��
x� = �, x� = −�, x� = �.
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��� ������� � !�"#� n � $%&�'� n (�)*+& ,- �� . �/- !�0�� ,1 2$#�*3 �&

�456�/7� &��'� = n(n− �)
� + n;

�4589 &��'� = n�
� − n

� +
n(n− �)

� =
n�
� +

n�
� − �n

� ;

�45:0; &��'� = n�
� − n

� +
n(n− �)

� =
n�
� +

n�
� − �n

� .

 � �� . �/- !�0�� ,1 �<%
�n�
� + n� − �n

� +
n(n− �)

� + n =
�n�
� +

�n�
� − �n

� = O(n�),

�=+�

�����	
� ��
�&&� $;��� =/>? � =+� @>0� 2AB&�'� (�)*+& ,- �� (&�+ ,>? $ 6*C��D%� ��;�

��C�D E3 �& �� C� !�F� G�9�� @C� H&�& H�I3 �� 
⎡
⎣ � −� �
−� � −�
� −� �

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ . J���K

�� LM& $%&�'� $ !M� $%&�'� �� . N� H&MOP� �� Q4�� �C� 2=+� RP���3 (&�+ ��;�
2�? (&�& S�9�� O�3 TU�V $1 ��W5H�04 �&���3 &�;M LM& $%&�'� �& x� XY ZC9 [C H&�M\ =+&5$ 
]+ � L�+ ]+ ^C�'� 2!�F� H���� $ K &�& L�#3� ]+ ^C�'� [C Q*/C� ,>I� @C� :P� �� 

�����35Q� �������	
�� �� ,0� @C� �J!M�
&��� M 8�_]� 2��?��3 XY ����� ��45$C��& Q*VM Q*- 2�4]+ ^C�'� L�#3� Z_`� 2,0� �& Q%M

(�)*+& 2!�F� H���� $ �=+� ���3⎡
⎣ ε −� �
−� � −�
� −� �

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ , Ja��K

H�04 (�)*+& @C� 2ε = � ���� $ ��?� 5Q� XY b%�c� &�� [C ε H\ �& $1 �C�D E3 �& ��
Q�'C 2J���K (�)*+& 8��; � Ja��K (�)*+& 8��; 2ε → � �� @C� �� �=+� J���K (�)*+&

�
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���Q]d AB&�'� (�)*+& �&�� ,- � ��

=?�& 6�4��d (�)*+& @C� �M� $_-� @�%M� ��;� � ��? �4��d Q>C x� = x� = x� = �⎡
⎣ ε −� �

� �− ε−� −�+ ε−�
� −�+ �ε−� −�ε−�

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ . Je��K

$�+��� �� fg 2� − ε−� ��3�� ��5$X%h� Q��?�� $�+��� �& 2�?� [i�1 QP�1 (���3� $ ε �� !�-
O�0� jC�03 ��4�03 2&�? L�#3� �3��* RCX� $k�C� �� ,�V 2:V�M �& �&� �4��d −ε−� (���3� H�04 $ 
l�O QP�1 (���3� $ .C�# �; @C� �� $1 �3&� 64 RP��� 2O�0� .C�# �; [C � �C� ε−� M � �M��?
6C��& ε = ��−	 � Q0V� =X4 @�?�� [C �& 2!�F� H���� $ ��? ��4��d XY � &�� f�*3�� 2�?� 

ε−� = �
 �������× ���, � = �
 �������× ���.
$#�*3 �& M � = �
 ���������× ��� 6C��& 2�3�? $*?�3 � ��03 � � ��

�− ε−� = −�
 ��������	× ���.
6C��& Q0V� =X4 @�?�� �& @C� �� 

�− ε−� = −�
 �������× ��� = −ε−�.
A��Y $ Je��K AB&�'� (�)*+& 2Q���+��� mC�? @C� =�� 2M�5@C� ��⎡

⎣ ε −� �
� −ε−� ε−�
� �ε−� −�ε−�

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ , Jn��K

�3M� 2��*/4 DC�>C � ^V��� �& Jn��K (�)*+& L�+ M LM& AB&�'� $k�C� $ $;�� � �&�?55Q� (�do
�&�?5Q� $;��� =/>? � � (�)*+& ,-

,>I� @C� H��\ �C�g p�� a�� ZC9 Q>i�1 2=7�7- �& $1 &�& �4��d H�I3 2�' !�F�
(�)*+& �&�M\5Q� &�;M5$ �� ,>I� @C� q]+564 Y��� C�+ $ =�/3 a�� Q>i�1 $>_ r&�?5Q03⎡

⎣ � −ε−� ε−�
−� � −�
� −� �

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ , Js��K

6C��& (�)*+& @C� �M� $_-� @�%M� ��;� � �=+� !&�'� Ja��K (�)*+& � $1 �C�D E3 �& ��⎡
⎣ � −ε−� ε−�

� �− ε−� −�+ ε−�
� −�+ �ε−� −�ε−�

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ . Jtu��K



�����
��		


����� ������� ���

(�)*+& 2Q���+��� mC�? =�� M ε �� [i�1 QP�1 (���3� $ C&�7� ���� $ 2,�V $ �I� 2O�3 �#�C� �&
A��Y $ Jtu��K⎡

⎣ � −ε−� ε−�
� −ε−� ε−�
� �ε−� −�ε−�

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ , Jtt��K

DC�>C � ^V��� �& Jtt��K (�)*+& L�+ M LM& AB&�'� $k�C� $ $;�� � 2(�� M& �&�?5Q� (�do
�&�?5Q� $;��� =/>? � � (�)*+& ,- �3M� 2��*/4

� 2!�F� H���� $ �=?�& 6�4��c3 �� AU>I� @C� 2&�? v�� �45(�)*+& @C� AB&�'� Z��� ��
=?�& 6�4��d Ja��K (�)*+& L�+ M !M� ��4]+ Z��� ��w�⎡

⎣ � −� �
−� � −�
ε −� �

⎤
⎦
⎡
⎣ x�

x�
x�

⎤
⎦ =

⎡
⎣ �

�
�

⎤
⎦ ,

=?�& 6�4��d 2(�)*+& @C� �M� ��;� � $1⎡
⎢⎢⎣

� −� �
� �� −�
� � �+ε�

⎤
⎥⎥⎦
⎡
⎢⎢⎣

x�
x�
x�

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

�
��

�−�ε�

⎤
⎥⎥⎦ ,

6C��& 2M/g ���<DC�; 6*C��D%� �� (&�X*+� � M ε �� [i�1 QP�1 (���3� $ C&�7� �� 2$#�*3 �& M⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x� =
�− �ε
�+ ε

≈ �,

x� =
�
�(

�
� + x�) ≈ �,

x� =
�
�(�+ x�) ≈ �.

[C AB&�'� LMO% A��Y �& �3��* 28�d 6*C��D%� [C &M�5Q� ��E*3� B� ��45!�F� $ $;�� � 
�� �6�C�03 8�c*3� Q7]�� qM� [C � �� ���	
� ��� Q*/C� 2@C� �� ��C�03 �;5$ �; �� (�)*+&

��3�?5Q� QP'� C� ��4��>4�� 2x�4 @C� $ . ��*+&
���� �����	
� �� �������� ��	�� �����	
� ���

��������� ��	�������	
� ��� ����������	
�� qM� 2����� ]+ 8�c*3� �� ��>4�� @C�5(&�+
$*?�& �� R_]���V @C*I� $1 ]V C� M �M� ��45$C��& �� H�*+ H�04 �& ��5$C��& 2qM� @C� �& �=+�
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���Q]d AB&�'� (�)*+& �&�� ,- � ��

H��i r ≥ k S��Y &�� �� $_-� 4 �& 2Q�'C 2&�?5Q� 8�c*3� ����� $C��& H���� $ 2�?� 
$1 &�?5Q� ���*d�∣∣a(k−�)rk

∣∣ = max
k≤i≤n

∣∣a(k−�)ik

∣∣ , (a
(�)
ij = aij).

^C�'� L�r ]+ � L�k ]+ 2A��Y @C� �` �& 2=/�3 ]+ ^C�'� $ ����3 2r = k �� !�-
�J����� �� t�� ,>?K &�?5Q�

��3�?5Q� ,��? ����� $C��& ��#*/; �& $1 =+� .C�45$C��& (��4& H�I3 2y3�zg (�� $�-�3 �t�� ,>?

�3���5Q� 2��?� [C �� �5[i�1 �& mik ��4�589 $15Q���Y �& =+� 1o $ L�B �� ����
�& mik 89 � $1 JH&1&� ��]dK ��?� $*?�& �]d a

(k)
kj ��45$C��& =+� @>0� 2�C� ��?� ��X�

��4&5Q� {� ����C�g =%�- M (�? *01 �]d 2H\
C&�7� �� |�X�� @C� 2&�?5Q� L�#3� JQ}O; ������� ��>4�� � �������K ������� Q*VM 2:V�M �&

���?� [C �� *01 mik C&�7� $1 &�?5Q� p�� Q}O; ������� ��>4�� 2Q�'C ��4&5Q� {� mik

Q]d AB&�'� (�)*+&  � ��!�
−��−�x� + x� = �,

x� + x� = �,
R�V& 8��; � 

x� =
�

�
 ���� , x� =
�
 ����
�
 ���� ,

2H&1&� ��]d AB�>?� Q+� ="; 2Q0V� $+ �M��? O�0� 8�/- �� (&�X*+� � ��C�D E3 �& ��
�~��� ���1 �;� (�)*+& @C� �M� �� ������� � M ������� HM� 
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H\ � ���*� �589 M a�� = −��−� ����� $C��& @�%M� #$	�
m�� =

�
−��−� = −���,

$ $;�� � M LM& ]+ $ !M� ]+  � −m�� H&MOP� � �=+�
fl(�+ ���) = fl(�
 �����× ���) = �
 ���× ��� = ���,

M
fl(�+ ���) = fl(�
 �����× ���) = �
 ���× ��� = ���,

6C��&
−��−�x� + x� = �,

���x� = ���.
6C��& M/g ���<DC�; �� (&�X*+� � 

x� = � , x� = �.
x� �� (�? $�+��� 8��; ��� =+� [C&O3 x� R�V& 8��; $ x� �� (�? $�+��� 8��; $k�C� � 
Q0V� $+ 8�/- �� (&�X*+� �& H&1&� ��]d �� Q?�3 $1 &��& x� R�V& 8��; � QI-�P xU*d�

�=+�
$1 6C��& $;�� ��* � 2Q}O; ������� �3M� �� (&�X*+� � !�-

max {|a��|, |a��|} = max{| − ��−�|, |�|} = � = |a��|.

(�)*+& 2��1 @C� � �&�? v�� (�)*+& LM& M !M� ��4]+ ��; Q*/C� 2@C� �� 
x� + x� = �,

−��−�x� + x� = �,
�� =+� A���� (�)*+& @C� �589 �&�?5Q� ,Y�-

m�� =
−��−�

� = −��−�,
$ $;�� � M LM& ]+ $ !M� ]+  � −m�� H&MOP� � ��&�#�

fl(�+ ��−�) = fl(�
 �����× ���) = �
 ���× ��� = �,
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���Q]d AB&�'� (�)*+& �&�� ,- � ��

M
fl(�+ �× ��−�) = fl(�
 �����× ���) = �
 ���× ��� = �,

A��Y $ (�)*+&
x� + x� = �,

x� = �,
Q_�d $1 ��*/4 x� = � M x� = � C&�7� M/g ���<DC�; �� ,Y�- ��458��; �&�?5Q� ,C���
R�V& ��458��; � (�? $�+��� ��458��; Q0V� $+ 8�/- �& 2:V�M �& ���*/4 R�V& C&�7� $ [C&O3

���*/4 H�/>C (�)*+&
�

%&'(��)� ���� �����	
� ���
Q]d .C�45(�)*+& 2@C� &�;M � 2=+� QP�1 Q]d ��45(�)*+& *I� �� Q}O; ������� $i��

Q]d (�)*+& 2!�F� H���� $ �=+� ��\��1�3 ������� @C� $1 �3��& &�;M
−��x� + ���x� = ���,

x� + x� = �, Jt���K

(�)*+& !M� $%&�'� H\ �& $1 =+� !&�'� e�� !�F� �& (�? 1o (�)*+& � (�)*+& @C� ��C�D E3 �& ��
$ ����3 A��Y @C� �& $1K &�? ,- Q}O; ������� � (�)*+& @C� �� �=+� (�? 89 ��� �&
|�X�� 2&�& {� ������� HM� ,- � ��1<� !�F� �& $1 QV�X�� H�04 J=?�& 6�4��c3 �4]+ ��w�

6C��& Q0V� $+ �M��? O�0� 8�/- �& 2:V�M �& r�*P�5Q�

m�� =
�
−�� = −�
 �,

a
(�)
�� = fl(�+ �
 �× ���) = fl(�
 �����× ���) = �
 ���× ��� = ���,
b
(�)
� = fl(�+ �
 �× ���) = fl(�
 �����× ���) = �
 ���× ��� = ���.

(�)*+& 2$#�*3 �&
−��x� + ���x� = ���,

���x� = ���,
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����� ������� ���

=?�& 6�4��d 2M/g ���<DC�; � $1 &�?5Q� ,Y�-
x� = � , x� = �.

��*P�5Q� |�X�� 8��; �& l�O ��]d $1 &�?5Q� $E-U�
���3 (�)*+& @C� �� ���� ��� � ���� �����	
�� $ xM'� ��>4�� 2,>I� @C� :P� �� 

A��Y $ ]+ 4 �� si ���7� ,��� bC'� 2�3M� @C� �& L�� @�%M� �=+�
si = max�≤j≤n

∣∣aij∣∣ , i = �, �, . . . , n,

� 2J����� ]+K L�r ]+ 2!M� H�*+ Y��� H&1 XY �� �si �= � $1 =+� S9�M �=+�
A��Y $ r S��Y &�� 8�c*3�

∣∣ar�∣∣
sr

= max�≤i≤n

∣∣ai�∣∣
si

,

�w*� 2,�V $ �I� f�+ 2(�? ^C�'� L�r ]+ � !M� ]+ 2����� ]+ @��'� �� fg �&�?5Q� QP'�
�&�?5Q� x<- L�n �� LM& ��4]+ �� x�

$1 &�?5Q� @��'� ���W r ≥ k S��Y &�� 2xk !�"#� x<- �� 2$ �I� ��W $ 
∣∣a(k−�)rk

∣∣
sr

= max
k≤i≤n

∣∣a(k−�)ik

∣∣
si

, (a
(�)
ij = aij).

L�(k + �) ��4]+ �& xk �w*� 2f�+ M (�? ^C�'� L�r M L�k ��4]+ 2r �= k $15Q���Y �&
���>C m7P �3M� GM? �& sn 2. . . 2s� 2s� ���7� ��45,��� =+� 1o $ L�B �&�?5Q� x<- L�n ��

��3�? ^C�'� 2�4]+ .C�# �; L�)�4 Q*/C� M (�? $�+���
8�/- �� (&�X*+� � M (�? ���7� Q}O; ������� � � �� Jt���K Q]d (�)*+& *� ��!�

����1 ,- 2Q0V� ��"i �M��? O�0�
�� ������� Jt���K (�)*+& ��4]+ ���7� ,��� #$	�

s� = max{| − ��|, |���|} = ���,
s� = max{|�|, |�|} = �.

$#�*3 �&∣∣a��∣∣
s�

=
��
��� = ��−�,

∣∣a��∣∣
s�

=
�
� = �.
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���Q]d AB&�'� (�)*+& �&�� ,- � ��

@C� �� �&�? v�� (�)*+& LM& M !M� ]+ ��; Q*/C� �<%

x� + x� = �,
−��x� + ���x� = ���,

2Q�'C 2Q0V� $+ 8�/- �& R�V& C&�7� 2:V�M �& �&� ��4��d ,�V !�F� ��3�04 �C�*3 2H\ ,- � $1
� ���C\5Q� =+&5$ x� = � M x� = �

%&'(��)� ���� �����	
� ��+,$� �- �. /��� .�	� �0�1$ 2�3��
�
L�#3� . �/- !�0��  (MU� 2(�? ���7� Q}O; ������� � � Ax = b (�)*+& ,- �� 
��V $ A��+��� @C� &��'� $1 &��5Q� A��Y �DC& QP�9� A��+��� 2 (&�+ $c/3 �& $*P�C

�=+� C�
n−� � $1 2=+� ���7� ��45,��� H&1 �cI� $ �� � 2���3 &��� QP�9� A��+��� @�%M� �
�cI� ���7� ��45,��� $/C�7� n(n−�) � @C� �� ��3�?5Q� �cI� ]+ 4 �� $/C�7�

��3�?5Q�
H�? �cI� �� �=+� ����� ]+ 8�c*3� $ �� � 2��' ���3 &��� QP�9� A��+��� �
��45,��� $k�C� $ $;�� � �=+� ���3 $/C�7� n − � � (�04 6�/7� n $ 2����� ]+ @�%M�
$ ���3 ����� ]+ @��M& 8�c*3� �� 2$ �I� ��W5$ 2�3�?5Q� $�+��� ���>C m7P ���7�
]+ @���(n − �) 8�c*3� �� 2�3M� @C� $��&� � ��?� 5Q� $/C�7� n − � M 6�/7� n − �

�=+� ���3 $/C�7� � M 6�/7� � $ �����
(&�+ $c/3 $ =�/3 (�? ���7� Q}O; ������� � ���3 &��� QP�9� A��+��� ,1 2$#�*3 �&

��� =+� A���� H\

�45$/C�7� &��'� = n(n− �) +
n−�∑
k=�

k =
�
�n(n− �); Jt���K

�456�/7� &��'� =
n∑

k=�
k =

n(n+ �)
� − � =

�
�(n− �)(n+ �).

l�O C&�7� �� $1 &�?5Q� $#�*3 2=+�O(�n�/�) A��+��� ,1 &��'� �& $k�C� $ $;�� � 
, �V QP�9� Q���+��� H��� $ q�5(&�+ $c/3 � $/C�7� �& (�? ���7� Q}O; ������� � 2n
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���� ������� ���

2����� ]+ 8�c*3� �� 2$_-� 4 �& $1 � �C ��w� ��5$3�� $ ��>4�� �� Q%M �&���3 ���3 ��5$E-U�
� �C� Jt���K �& n(n− �) $_0; A��Y @C� �& 26��1 $�+��� �� �C�; ���7� ��45,���

n∑
k=�

k(k − �) = �
�n(n� − �),

&��'� � $��� 64 $1 &� �4��d O(n�/�) ���3 &��� QP�9� A��+��� 2qM� @C� � �&�? @CODC�;
��?� �3���5Q03 .�+��� qM� 2E3 &��� qM� �<% M =+� (&�+ $c/3 A��+��� ,1

4��� �����	
� "��
��;� $_-� 4 �� fg $1 .C�45fC��� ��45$C��& =+� @>0� $1 6�4&5Q� H�I3 !�F� [C � 

H��*3 $1 �3�? l�O ��V5H\ 2��C\5Q� =+&5$ 2(�? ���7� Q}O; ������� �C Q}O; ������� � L���
�&1 (�do ������1 $EP�- �& �� �45H\

A��Y $ �× � (�)*+& ZC�9 fC��� 2=+� !	"#�$%�& �� $1 !�F� @C� �&
⎡
⎢⎢⎢⎢⎣

� � � � �
−� � � � �
−� −� � � �
−� −� −� � �
−� −� −� −� �

⎤
⎥⎥⎥⎥⎦ , Jt���K

fC��� @C� 2(�? ���7� Q}O; ������� �C Q}O; ������� ��>4�� � 2 ��;� �� �=+�
=?�& 6�4��d 2 !M� $_-� �� fg �~�t� &���3 ������� $ ����3

⎡
⎢⎢⎢⎢⎣

� � � � �
� � � � �
� −� � � �
� −� −� � �
� −� −� −� �

⎤
⎥⎥⎥⎥⎦ .

=?�& 6�4��d 2=/�3 ������� $ ����3 O�3 $_-� @C� �� ,�V $k�C� $ $;�� � M LM& $_-� �� fg
⎡
⎢⎢⎢⎢⎣

� � � � �
� � � � �
� � � � �
� � −� � �
� � −� −� �

⎤
⎥⎥⎥⎥⎦ ,
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���Q]d AB&�'� (�)*+& �&�� ,- � �*

&�?5Q� $#�*3 2L��"i $_-� �� fg Z��� @�04 $ M
⎡
⎢⎢⎢⎢⎣

� � � � �
� � � � �
� � � � �
� � � � 	
� � � � ��

⎤
⎥⎥⎥⎥⎦ .

2!�- ���*/4 �� 2. . . 2�� 2�� A��Y $ ZC�9 fC��� d\ H�*+ ��45$C��& $1 &�?5Q� $E-U�
���×��� &�' � � ��� Jt���K A��Y $ Q/C��� 2H\ ZC�9 fC��� $1 �C�D E3 �& �� Q4�)*+&
���� 2. . . 2�� 2�� A��Y $ �&���� ,��? ,Y�- fC��� d\ H�*+ 2 ��;� H�C�g �& ��?� 
�� ,>I� @C� :P� �� ���*/�3 (�do , �V �*+& �& ��4������1 *I� �& �45H\ ���7� $1 &� �4��d

�&�?5Q� (&�X*+� �'��� �����	
��
�3�?5Q� jC���\ Q/C���C� $C��& (n−k+�)� $04 2����� $C��& 8�c*3� �� 2,��1 ������� �&

�J����� �� ��� ,>?K ��?� 5Q� a(k−�)kk �]V $C��& ,��? M �3��& ��V =+�� =0+ M @�C�g �& $1

��3�?5Q� ,��? ����� $C��& ��#*/; �& $1 =+� .C�45$C��& (��4& H�I3 2y3�zg (�� $�-�3 ���� ,>?

&�?5Q� vP 2 !M� $_-� �� ,�V 2:V�M �&
∣∣arq∣∣ = max�≤i,j≤n

∣∣aij∣∣.
� �� L�r ]+ ��* � ��E�� @C� �� �&�� ��V a�� ,�� �& arq $1 &�?5Q� L�#3� ���W �3M� 2f�+
(�)*+& 8��; $1 @C� �� 2��� �6��15Q� ^C�'� !M� H�*+ � �� q H�*+ �' 26��15Q� ^C�'� !M� ]+
$C��& @C�5l�O Z��� @C� $ �6��1 v�� AB�"#� ��& �& O�3 �� x� M xq ��; Q*/C� 2��k3 ��w�
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����� �� $CO#� a��

�6�4&5Q� L�#3� �� !M� $_-� f�+ �&�?5Q� ����� $C��& R_]� ��V E3 �� ZC�9 fC���
���1 vP 2 LM& $_-� L�#3� �� ,�V

∣∣a(�)ps

∣∣ = max�≤i,j≤n
∣∣a(�)ij

∣∣.
�6�4&5Q� ��V a(�)ps �� ����� $C��& LM& M L�s ��45H�*+ O�3 M LM& M L�p ��4]+ ^C�'� � ��&�#�
&�?5Q� ��k� �3M� @C� �6��1 v�� AB�"#� ��& �& �� x� M xs ��; Q*/C� H��O04 $1 &�? $;��

�� �C H�C�g �3M� ��
�� � 2 (&�+ $c/3 $ =�/3 ,��1 ������� � �& ���3 &��� QP�9� A��+��� �� ����
]+ @�%M� 8�c*3� �� �&��5Q� L�#3� Z+��� ����� ]+ 8�c*3� �� $1 =+� �45$/C�7� &��'� $ 
(n − �)� − � 2����� ]+ @��M& 8�c*3� �� @���04 �=+� $/C�7� n� − � $ ���3 2�����
�=+� ���3 $/C�7� � &��'� ����� ]+ @���(n − �) 8�c*3� �� 2�3M� $��&� � �=+� ���3 $/C�7�

 � 2qM� @C� �& ���3 &��� QP�9� A��+��� &��'� @C� �� 
n∑

k=�
(k� − �) = n(n− �)(�n+ �)

� ,

������� ��>4�� 2$#�*3 �& �=+� (&�+ $c/3 A��+��� ,1 &��'� � $��� 64 $1 =+� $/C�7�
��;� H��� M =+� ��M9 A��+��� �B� =V& $1 &�?5Q� $�Y�� .C�45(�)*+& �� �"�� 2,��1

�&1 $�;�� (��\ =+&5$ =V& � H���5Q� �� qM� @C� �� ���3 &��� A��+���
$ �I� H���5Q� O�3 �� (�? ���7� ,��1 ������� 2,��1 ������� L�"X� �� (&�X*+� � ��� ����

�&1 bC'� 2(�? ���7� Q}O; �������
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�� ����� 	
�
�� ������� ��� �� �!" #�$%& ' ()*+ , -./ 0& 1�� 2)3� �45 �678" �9 -*:1,�;<
=%-*>?) @) # �A%&) �� �BCB" D���EF ��� #�$%& ' G7 2)3� ���HI;< � -) @��� J��K7 G;LO(n�)

�0&) @��� J��K7 G;L O(n�) �� D.3M�EF .3KE 2-)N>�+
O��3�1��U .L ,/ - �9 �45�� #45 ����A = LU �BCB" �-*P ��AO)3QR3��" 3S) T�7
��� #�$%& ()*+ ,)*HL �� )- x��*U�" -) 3� ,)*�1�" �4H%K< �BCB" ��� . �BCB" ���E 2�<1R3��"

V -./ 0& 1�� �C73" . - Ax = b

G4W� Ly = b �-*P �� Ax = LUx = b #�$%& �-*P �) - �y := Ux 4�H9 X3Y )4%�)
G7 .3M�E 2-)N>�+ =%-*>?) @) # �A%&) �� )- Ly = b �BCB" ���E #�$%& �T.) Z�S - [H) � *51�"
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��� �� �!" #�$%& 2 4L G7 � 	�

�BCB" ��� #�$%& �Z. Z�S - ��C73" �) - y , -./ 0& 1�� �� � -) G;L O(n�) �� @��� �9 =�H91�"
�05) 4<)*� @��� G;L O(n�) �� .3KE 2-)N>�+ =%-*>?) �� =< �) �9 �=�H91�" G7 )- Ux = y

�� �45�� #45 ���� A = LU �-*P �� A ,/ - �9 Ax = b ��� #�$%& G7 2)3� G9 - �)3��H�
G;LO(n�) �� �� ��� #�$%& ��;< G7 2)3� �9 0&) �?�7 - �) �=-) @��� G;LO(n�)
%�� @) 3%M�� �� )- ��W&�\" 4�)*�1�" ]�A�) �) ���� × ��� @) 3�1 -̂�� 2�<1#�$%& - �=-) @���

�_`). - �4< a<�9
���� = ��, ��� = (�� ��)(�, ���, ���) = (�� ��)(���)�.

U . L 2�<1R3��" , -./ 0& 1�� ,*b �0K�� -./ �3�7 =< �C�� �#@)4�) �) �� ���C;L a<�9
�� ���"@ ���� �) , *� 4�A" �?. � -) J��K7 G;LO(n�) �� @���  *� �45��A = LU �9 2-*:1��
�=�H9 G7 b �.�A%" 2�<-) 3� �� �.�A%" 2�<1,�"@ - )- Ax = b #�$%& =�<)*c� �9  -*�1�" =Mb
���E -��K� ��W&�\" =�7 � *51�" Z���) -�Wd efY A ���� �9 �) �� �+*� �� �-*P �) - �9
�b 3> 2�<-) 3� �� G7 - �b 2�<-) 3� �) @) �d �� G7 . ���� -�Wd @) 4!� �_`). - �4"/ 4<)*�

�4��1�" a<�9 O(n�) �� O(n�) @) ���C;L
�� ����� ���� ������ �
	
�

�H! �A = LU . 4H5�� �BCB" ��� . �BCB" ���E O��3�1�� U . L 2�<1R3��" 4�H9 X3Y⎡
⎢⎢⎢⎣

l��
l�� l����� ��� � � �
ln� ln� · · · lnn

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

u�� u�� · · · u�n
u�� · · · u�n� � � ���

unn

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

a�� a�� · · · a�n
a�� a�� · · · a�n��� ��� � � � ���
an� an� · · · ann

⎤
⎥⎥⎥⎦ .

Dgh��F
V=�H91�" 4�?*� )- U R3��" T.) 3�& . L R3��" T.) ,*%& )4%�) �A = LU ���� - 

l��u�� = a��, Dg���F
=�5�� �%5) �%K�� �j = �, �, . . . , n 2)3� .

lj� =
aj�
u��

, u�j =
a�j
l��

. Dgi��F
V=�H91�" 4�?*� )- U R3��" Z)(n−�) �� Z. 2�<3�& . LR3��" Z)(n−�) �� Z. 2�<1,*%& [H)

=-) �Dgh��F �� �H�

aii =

n∑
k=�

likuki =

i∑
k=�

likuki = liiuii +

i−�∑
k=�

likuki.
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	� �� ���� ���

=-) �i = �, �, . . . , n− � 2)3� �)3��H�

liiuii = aii −
i−�∑
k=�

likuki, Dgj��F

�� �!" @) j = i+ �, i+ �, . . . , n 2)3� .

aji =

i∑
k=�

ljkuki , aij =

i∑
k=�

likukj ,

05) =�<)*�

lji =
�
uii

(
aji −

i−�∑
k=�

ljkuki

)
, uij =

�
lii

(
aij −

i−�∑
k=�

likukj

)
, Dgk��F

=-) unn . lnn 2)3� 0�U� - .

lnnunn = ann −
n−�∑
k=�

lnkukn. D�l��F

Z. �� �!" . D�l��F �Dgj��F �Dg���F @) #�S1,/ �i = �, �, . . . , n �lii �= � 3S) ��
� ����
Dgi��F T.) �� �!" ��HI;< �45 4<)*� �W&�\" U R3��" �� m*�3" 2�<1�)- Dgk��F . Dgi��F

�4H< 1�" ���%� )- L R3��" 2�<1�)- Dgk��F .
. D�l��F �Dgj��F �Dg���F @) �-*P �) - �i = �, �, . . . , n �uii �= � 3S) ����M" -*:1��
�� �!" ��HI;< �45 4<)*� �W&�\" L R3��" �� m*�3" 2�<1�)- Dgk��F . Dgi��F T.) �� �!"

�4H< 1�" ���%� )- U R3��" 2�<1�)- Dgk��F . Dgi��F Z. 
�BCB" ���E R3��" ' �LR3��" ,/ - �9 D�l��FnDg���F �� �!" 3� �H%W" =%-*>?) ��
� ����
�) - ��HI;< �0&) o.3!" �������	 
���� �� �i = �, �, . . . , n �lii = � �H! �45�� 47).
���� �i = �, �, . . . , n �uii = � �H! �45�� 47). �BCB" ��� R3��" ' �U R3��" 3S) �=%-*>?)

� *51�" #4�"�� ������ 
���� �36�  -*"
�
i
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��� �� �!" #�$%& 2 4L G7 � 	�

V=�H91�" G7 )-Ly = b #�$%& �.3M�E 2-)N>�+ @) # �A%&) �� )4%�) �LUx = b G7 2)3� ��
� ����

y� =
b�
l��

,

yk =
�
lkk

(
bk −

k−�∑
j=�

lkjyj

)
, k = �, �, . . . , n.

V=�H91�" G7 .3KE 2-)N>�+ @) # �A%&) �� )- Ux = y #�$%& Rp&
xn =

yn
unn

,

xk =
�

unn

(
yk −

n∑
j=k+�

ukjxj

)
, k = n− �, n− �, . . . , �.

R3��" 2)3� )- �.39 . G%�?. 2�<1���� ��
� ����

A =

⎡
⎣ �� �� ��

�� �� �	
�� �	 ��

⎤
⎦ ,

�4�����
A R3��" G%�?. ���� - U . L 2�<1R3��" 2�<1�)- �g��� . gg�� 2�<1�%�� �� �+*� �� 
 !"#

@) 4H�-�WL
l��u�� = �� l��=�

=⇒ u�� = ��,
U T.) 3�& . L T.) ,*%& 2�<1�)- •

l�� =
a��
u��

=
�
� , l�� =

a��
u��

=
�
� ,

u�� =
a��
l��

= ��, u�� =
a��
l��

= ��,

U Z. 3�& . L Z. ,*%& 2�<1�)- •

l��u�� = a�� − l��u�� l��=�
=⇒ u�� = 	,

l�� = (a�� − l��u��)/u�� = �,
u�� = (a�� − l��u��)/l�� = 	,
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	� �� ���� ���

U Z*& 3�& . L Z*& ,*%& 2�<1�)- •

l��u�� = a�� − l��u�� − l��u�� l��=�
=⇒ u�� =

�
� .

)N?

A =

⎡
⎣ � � �

�� � �
�� � �

⎤
⎦
⎡
⎣ �� �� ��

� 	 	
� � ��

⎤
⎦ .

���� @) =�f%K" �W&�\" 2�+1�� ,)*�1�" )- A R3��" �.39 ���� - U . L 2�<1R3��" 2�<1�)- 
=-) D 4H��" 23�` R3��" ' - U 23�` 3P�HL , ) -)3` �� �-*6H" �4� � -./ 0& 1�� G%�?. 

A = LDŨ =

⎡
⎣ � � �

�� � �
�� � �

⎤
⎦
⎡
⎣ �� � �

� 	 �
� � ��

⎤
⎦
⎡
⎣ � �� ��� � �

� � �

⎤
⎦

=

⎡
⎣ �� � �

�� 	 �
�� 	 ��

⎤
⎦
⎡
⎣ � �� ��� � �

� � �

⎤
⎦ = L̃Ũ .

�

A = (aij)�≤i,j≤n R3��" @) �k = �, �, . . . , n �k �W�3" 2.3M�E �CP) R3��"3@ ��
�$�%&�
�-*P �� . #45 # ) ,�M� Ak ��

Ak =

⎡
⎢⎢⎢⎣

a�� a�� · · · a�k
a�� a�� · · · a�k��� ��� � � � ���
ak� ak� · · · akk

⎤
⎥⎥⎥⎦ ,

� *51�" q3!�
���� 
� ���� ���
��� ����	 A ������ �A ∈ R

n×n  �!� "�# �	
� ����
A = LU,

$%�� ��&���������' �(� �)!� � �(� *+� ,$-%-� .�� U ������ �  /�� $-%-� 0���1 L ������ ��
� !2�� 0�3��4 i = �, �, . . . , n− � ���� A ������ '� Ai ���5�1
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��� �� �!" #�$%& 2 4L G7 � 	�

2)3� A R3��" @) Ai 2.3M�E �CP) 2�<1R3��"3@ 4�H91 X3Y V0�A9 ��Wr) ����	

�-*P �� �%d 2)1���� =�H91�" 0��r �i 2.- )3f%&) ';9 �� �4H5�� ������ i = �, �, . . . , n − �

� -)  *+. A 2)3� lkk = � �� A = LU

�� Ai−� 2)3� �%d 2)1���� D)3f%&) X3YF 4�H9 X3Y �0&) -)3`3� i = � 2)@) �� =d7 s*Q. ��
,�M� �45�� �%5)  *+. �k = �, �, . . . , i − � �l(i−�)kk = � �� Ai−� = L(i−�)U (i−�) �-*P

� -)  *+. Ai 2)3� �%d 2)1���� =�< 1�"
�-*P �� �9*C� 2�<1R3��" �� )- Ai R3��"

Ai =

[
Ai−� �
�T aii

]
,

�-*P �� )- 2)1���� J�%d .  *+. . =�H91�" @)3Y)

Ai = L(i)U (i) =

[
L(i−�) �
�T �

][
U (i−�) �

� uii

]
, D�g��F

2�<1t*C� , ) -)3` 3�)3� . D�g��F 0&)- 0;& �K3��" (3Q �W&�\" �� �=�H91�" *�%K+ ,/ 2)3�
��� 2�<1#�$%& ()*+ � . � 2�<-) 3� �9  *51�" ���%� ��? �!" �) ub 0;& �� 3v�H%"

��H) �� �+*� �� �3> o3: @) �4H%K< �TU (i−�) = �T . L(i−�)� = �
� �= det(Ai−�) = det(L(i−�)) det(U (i−�)),

0& 1�� �%d �-*P �� � . �2�<-) 3� )N? . 4H%K< ������U (i−�) .L(i−�) 2�<1R3��"  *51�" ���%�
 *+. �0&) uii = aii − �T� �? �!" 2�%d ()*+ uii �9 �Ai 2)3� J�%d ���� �)3��H� �4H/1�"

�4H91�" G"�9 )- 0�A9 ��Wr) �) .  -) 
�lkk = � �� A = LU �-*P �� A R3��" 2)3� J�%d ���� 4�H9 X3Y VZ.�? ��Wr)
������ A T.) 2.3M�E �CP) R3��"3@ n− � =�H91�" 0��r �45�� �%5)  *+. �k = �, �, . . . , n

�=�H91�" �&-3� ���S)4+ �45�� ���� . ������ A R3��" �9 )- J�<10?�7 �4H%K<
� -)  *+. A 2)3� �%d 2)1���� ��H) @) �45�� ������ A R3��" �9 =3�S1�" 36� - )- �%?�7 )4%�)

05*� ,)*�1�" �D�g��F �� �H�
Ai = L(i)U (i), i = �, �, . . . , n.

�)3��H�
det(Ai) = det(L(i)) det(U (i)) = det(U (i)) = u��u�� . . . uii, D����F
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���%� - . �u��u�� . . . unn �= � =-) �A , *� ������ . i = n 2)@) �� �9

det(Ai) = u��u�� . . . uii �= �, i = �, �, . . . , n− �,

�4H%K< ������ A R3��" T.) 2.3M�E �CP) R3��"3@ n− � �H!
23�` �)- ' G`)47 ��-*P �) - �45�� ���� A R3��" �9 =3�S1�" 36� - )- �%?�7 [H)
�� ���� �D�g��F �� �H� �ukk = � �9 45�� �K4�) �3�1'b*9 k 4�H9 X3Y �0&) 3AP U R3��"
����U (k) ,*b �4!� 1�� �C73" �) @) �?. � *5 Z���) . �W&�\" 4�)*�1�" GdM" ,.4� Z�S ��"w)(k−�)
X3Y �� x`�H%" �9 �0&) -)3`3� ���� 2)3� ���%� ��;< . y .-1�" ��� @) � -) 3� J�%d .  *+. �0&)
�%K�� �4<4� z{- A R3��" 2)3� �`�A�) ��Hb ����� 4�.- G9 Z�;�) @) GW` ��H) 2)3� ��)3��H� �0&)
2�<1R3��"3@ �;< �D����F �� �H� ���%� - �4H5�� 3AP 3�| k = n−� �C73" �� ukk 2�<1�A?}" �;<
� �4H5�� ������ 4�� �k = �, �, . . . , n− � �Ak 2.3M�E �CP)

2�<1R3��" �'
� ����

A =

[ � �
� �

]
, B =

[ � �
� �

]
, C =

[ � �
� �

]
,

�0&)A� = � ������ 2.3M�E �CP) R3��"3@ 2)-) A ���� R3��" ,*b �~��� 43�>� 36� - )-
���` e)35 �9 �?�7 - �0&) lkk = � �� LU 2�%d ���� 2)-) A R3��" �g��� ���` �� �H�
�%d � . �%5)4�  *+. LU ���� 0&) �d;" �)3��H� �0K�� -)3`3� C . B 2�<1R3��" 2)3� �g���
�� �C ���� R3��" �9 �?�7 - � -)4� LU ���� ����� B� �� �B ������ R3��" �_`). - �45�W�

,/ - �9 � -) C = LβUβ �-*P �� ���� �<�H%"��  )4!� ����� C�

Lβ =

[ � �
β �

]
, Uβ =

[ � �
� �− β

]
, ∀β ∈ R.

�

����� (� !")* �� �
	
�
2�<3S1(3Q q3!� �� �45�� An×n R3��" 2.- )3+) G��` 23�S-*\" ,.4� 4�H9 X3Y

mi� =
ai�
a��

, i = �, �, . . . , n,
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��� �� �!" #�$%& 2 4L G7 � 		

�Y�Q) �i = �, �, . . . , n �Z)i 3�& �� )- T.) 3�& 3�)3� −mi� ��H! �=�H91�" )3+) )- T.) Z�S
V=�H91�"

A −→ A(�) =

⎡
⎢⎢⎢⎢⎣

a�� a�� · · · a�n
� a

(�)
�� · · · a

(�)
�n��� ��� � � � ���

� a
(�)
n� · · · a

(�)
nn

⎤
⎥⎥⎥⎥⎦ .

�-*P �� M� R3��" q3!� ��

M� =

⎡
⎢⎢⎢⎢⎢⎣

� � � · · · �
−m�� � � � � �
−m�� � � � � � ������ ��� ��� � � � �
−mn� � � · · · �

⎤
⎥⎥⎥⎥⎥⎦ ,

 *51�" �678" �S �& ��
A(�) = M�A.

�i = �, 
, . . . , n �Z)i 3�& ��A(�) Z. 3�& 3�)3�−mi� , 39 �Y�Q) ��H! � Z. Z�S2)3+) ��
�9

mi� =
a
(�)
i�

a
(�)
��

, i = �, 
, . . . , n,

V05) =�<)*�

A −→ A(�) −→ A(�) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

a�� a�� a�� · · · a�n
� a

(�)
�� a

(�)
�� · · · a

(�)
�n

� � a
(�)
�� · · · a

(�)
�n��� ��� ��� � � � ���

� � a
(�)
n� · · · a

(�)
nn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

 *51�" �678" s*Q. �� ��-*P �) - 

A(�) = M�A(�) = M�M�A,
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,/ - �9

M� =

⎡
⎢⎢⎢⎢⎢⎣

� � � · · · �
� � � � � �
� −m�� � � � � ������ ��� ��� � � � �� −mn� � · · · �

⎤
⎥⎥⎥⎥⎥⎦ .

05) =�<)*� ��C73" n− � @) RE �4�.- �) �") ) ��
A −→ A(�) −→ A(�) −→ · · · −→ A(n−�),

. 0&) �BCB" ��� A(n−�) ,/ - �9

A(n−�) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

a�� a�� a�� · · · a�n
� a

(�)
�� a

(�)
�� · · · a

(�)
�n

� � a
(�)
�� · · · a

(�)
�n��� ��� ��� � � � ���

� � � · · · a
(n−�)
nn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

05*� ,)*�1�" ��HI;<
A(n−�) = Mn−�A(n−�),

,/ - �9

Mn−� =

⎡
⎢⎢⎢⎢⎢⎢⎣

� � · · · · · · �
� � � � � ���� ��� � � � � � � ���
� � · · · � �
� � · · · −mn,n−� �

⎤
⎥⎥⎥⎥⎥⎥⎦
.

. 0&) �BCB" ��� U R3��" �U := A(n−�) , ) -)3` ��
U = A(n−�) = Mn−�A(n−�)

= Mn−�Mn−� · · ·M�A. D����F
=-) D����F �� �H� . 4H%K< ������ Mn−� �· · · �M� �M� �BCB" ���E 2�<1R3��"

A = M−�� M−�� · · ·M−�
n−�U, D����F
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,/ - �9

M−�� =

⎡
⎢⎢⎢⎢⎢⎣

� � � · · · �
m�� � � · · · �
m�� � � · · · ���� ��� ��� � � � ���
mn� � � · · · �

⎤
⎥⎥⎥⎥⎥⎦ , . . . ,M−�

n−� =

⎡
⎢⎢⎢⎢⎢⎢⎣

� � · · · · · · �
� � � � � ���� ��� � � � � � � ���
� � · · · � �
� � · · · mn,n−� �

⎤
⎥⎥⎥⎥⎥⎥⎦
.

2�<-) 3� q3!� ��
mk =

[�, . . . , �,mk+�,k, . . . ,mn,k

]T ∈ R
n,

ek =
[�, . . . , �,

Z)k︷︸︸︷� , �, . . . , �]T ∈ R
n,

05*� ,)*�1�"
Mk = In −mke

T
k ; M−�

k = In +mke
T
k ,

�)3��H� �0&) 3AP R3��" �i �= j 2)3� (mie
T
i )(mje

T
j ) �9

M−�� M−�� · · ·M−�
n−� =

(
In +m�eT�

)(
In +m�eT�

) · · · (In +mn−�eTn−�
)

= In +
n−�∑
i=�

mie
T
i

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

� � · · · · · · �
m�� � � � � �
m�,� m�,�

� � � � � � ������ ��� � � � � � � �
mn,� mn,� · · · mn,n−� �

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. D�h��F

, ) -)3` �� T�7
L := M−�� M−�� · · ·M−�

n−�,

=-) �D����F �� �+*� �� . # *� 47). �BCB" ���E L R3��" �D�h��F �� �H�
A = LU.

� -./ 0& 1�� ,)*�1�" ��� )- 1,/ LU ���� �A R3��" 2.- T�;L) �� �)3��H�
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	� �� ���� ���

	�6��
� �7� �� 8�9:� , �� �&�(�;�< 
=+�>� �	 �(� ,? 2 @�4� A>� 
� 
6�� �� �+
� ����
�&�B+C��D� E� � 
� $���/ �	 ,FG�� �	 �	�2�$� 
6��� *9�2 �� LU 
��� 8����H�� , �I

�	�� 4 LU 
��� �J4 	��� ������ , 2�=4 ��6� ���G
$%�� ��&���������' 
K& �(� 
� *+� 0�� ,*#�( E����$� L��M 
�NG � A>� 0�� '� 
� ��H�	 
��4

�*+��6� ���G �&�B+ C��D� E� � , !2�� 0�3��4 A ������ ���5�1
�& �W�3" �3WC�< R3��" 3�6� LU ���� ��
� ����

H =

⎡
⎢⎣

� �� ���� �� �
�� �
 �	

⎤
⎥⎦ ,

�4����� @) # �A%&) �� )-
=-) mi� 2�<3S1(3Q �W&�\" �� 
 !"#

M� =

⎡
⎢⎣

� � �
−m�� � �
−m�� � �

⎤
⎥⎦ =

⎡
⎢⎣

� � �
−�� � �
−�� � �

⎤
⎥⎦ .

�)3��H�

H(�) = M�H =

⎡
⎢⎣

� �� ��
� ��� ���
� ��� 

	

⎤
⎥⎦ .

R3��" - 4�� H(�) R3��" � Z. Z�S Z���) 2)3� ���M" -*:1��

M� =
⎡
⎣ � � �

� � �
� −m�� �

⎤
⎦ =

⎡
⎣ � � �

� � �
� −� �

⎤
⎦ ,

�-*P �� H R3��" ���� - L . U 2�<1R3��" �)3��H� � *5 (3Q

U = H(�) = M�M�H =

⎡
⎢⎣

� �� ��
� ��� ���
� � ����

⎤
⎥⎦ ,

.

L = M−�� M−�� =

⎡
⎢⎣

� � �
�� � �
�� � �

⎤
⎥⎦ ,

� �4H/1�" 0& 1��
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�,-��# .�%��� �
	
�
0&) 4�A" ���"@ -�d<)- �) �45 �3M� LU ���� @) # �A%&) �� Ax = b #�$%& G7 �GW` ac� - 
�<3�& x*!� �� 2@��� . 45�� )3+) G��` A R3��" 2)3� �<3�& x*!� ,.4� 2)3+) �9
-.�H5 ��;" (�K7 @) # �A%&) - , 39 3S 2��� T3%H9 � 3AP 3� =�Kf� ,45 3<�v @) 23�S*C+ 2)3�
=�;!� �0&) @��� �<3�& x*!� �9 �%?�7 �� #45 ��)-) �.- �0;K` �) - �=�5�� �%5)4� =`-n�<�H%"

� *51�" # ) 
R3��" �45�� (�, �, . . . , n)  )4L) @) #)*c? �%M>�+ (k�, k�, . . . , kn) 4�H9 X3Y ��
�$�%&�

,/ - �9 � *51�" q3!� P = (pij) �-*P �� 0M>�+ �) �� 3v�H%" n �W�3" @) j0M>�+

pij = δkij =

{ � , �� j = ki,

� , �� j �= ki.
D����F

R3��" ��
� ����

P =

⎡
⎣ � � �

� � �
� � �

⎤
⎦ ,

(3Q GP�7 ��-*P �) - �45�� �×�  �!�) ��AR3��" 4�H9 X3Y �0&) 0M>�+ R3��" '
V4/1�" 0& 1�� A R3��" Z*& . Z. 2�<3�& x*!� @) �9 0&) �K3��" PA

PA =

⎡
⎣ a�� a�� a��

a�� a�� a��
a�� a�� a��

⎤
⎦ .

D����F �� P 0M>�+ R3��" 3P�HL . 45�� n×n  �!�) �� A = (aij) R3��" 3S) ��C9 0?�7 - 
�-*P �� PA R3��" �4�*5 q3!�

PA =

⎡
⎢⎢⎣

ak�,� ak�,� · · · ak�,�
ak�,� ak�,� · · · ak�,���� ��� � � � ���
akn,� akn,� · · · akn,�

⎤
⎥⎥⎦ ,

� � *� 4<)*�
j
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�
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'� �� ���� ���

��H! �0&) 4"�!%" . ������ �K3��" �0M>�+ R3��" ' ��
� ����
P−� = P T .

�_`). - (
PP T

)
ij
=

n∑
s=�

pispjs =

n∑
s=�

δkisδkjs = �× δkjki = δij ,

�(P TP
)
ij
= δij ����M" -*:1�� .

�9 0&) �H!" �4� �) �=�5�� �<3�& x*!� �� -*W�" Ax = b #�$%& G7 2)3� 4�H9 X3Y
�45�� �d;" �<3�& x*!� ,.4� 2)3+) �9  -)  *+. #�$%& �� �!" @) 244+ a)-/
,.4� PAx = Pb #�$%& 2)3� �912-*:1��  -)  *+. P 4H��" �%M>�+ R3��" ��H!
. # -./ 0& 1�� PA R3��" 2)3� )- LU ���� )4%�) �0?�7 �) - �0&) )3+) G��` �<3�& x*!�
2�<3�& �� 3v�H%" 2�<3�& x*!� �� b -) 3� @) GP�7 �9 Pb 0&)- 0;& -) 3� �� )- #�$%& Rp&

�=�H91�" G7 �0&) A ��*!�
=-) �P−� = P T ,*b �9 4-) �+*�

A = P−�LU =
(
P TL

)
U,

3�& x*!� �H! �P = I ��H) 3>" 0K�� �BCB" ���E P TL �") 0&) �BCB" ��� ,�HI;< U �9
�45�� #4M� Z���)

������ R3��" �/ ��
� ����

A =

⎡
⎢⎢⎣

� � −� �
� � −� �

−� −� � �
� � � �

⎤
⎥⎥⎦ ,

0M>�+ �K3��"P �9 4�����PAR3��" 2)3� )-LU ���� �0&) �AH" �&�E 3S) � -) LU ����
�0&)

4/1�"  *+.1�� 3AP 3� =�Kf� � �� mi� 2�<3S1(3Q �W&�\" - ,*b 
 !"#
. T.) 3�& x*!� �� �T�71�) �� � -)4� LU ���� A R3��" �gj�� ���%� �� �H� �Da�� = �F

Z�S �� Z�S 2)3+) . �<3S1(3Q �W&�\" �� �_`). - � 39 �.35 )- 4�.- ,)*�1�" �Z. 
05) =�<)*�

m�� = � , m�� = −� , m
� = � ,
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.

A −→ A(�) =

⎡
⎢⎢⎣

� � −� �
� � −� �
� � � �
� � � �

⎤
⎥⎥⎦ .

��HI;<
m�� = � , m
� = � ,

.

A(�) −→ A(�) =

⎡
⎢⎢⎣

� � −� �
� � −� �
� � � �
� � � −�

⎤
⎥⎥⎦ .

- �9 =-) Z-�Ub . Z*& 2�<3�& x*!� �� @��� �0&) 3AP 3�)3� 2-*\" �)- ,*b ��C73" �) - 
�-*P �� A(�) R3��" �-*P �)

A(�) −→ A(�) =

⎡
⎢⎢⎣

� � −� �
� � −� �
� � � −�
� � � �

⎤
⎥⎥⎦ ,

A(�) ,�;< PA R3��" ���� - )- U R3��" �0&) �BCB" ��� A(�) R3��" ,*b � *51�" GP�7
�-*P �� 3v�H%" P 0M>�+ R3��" �9 �%Y3S 36� - 

P =

⎡
⎢⎢⎣

� � � �
� � � �
� � � �
� � � �

⎤
⎥⎥⎦ ,

�)3��H� �0&)

PA =

⎡
⎢⎢⎣

� � −� �
� � −� �
� � � �

−� −� � �

⎤
⎥⎥⎦ ,

@) 0&) �-�WL PA R3��" LU ���� .

PA =

⎡
⎢⎢⎣

� � � �
� � � �
� � � �

−� � � �

⎤
⎥⎥⎦
⎡
⎢⎢⎣

� � −� �
� � −� �
� � � −�
� � � �

⎤
⎥⎥⎦ = LU.
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�
�

'� �dK?*b ���� i��

4< 1�" ���%� ��� ���)- �P−� = P T ��H) �� �+*� ��

A = P T (LU) = (P TL)U =

⎡
⎢⎢⎣

� � � �
� � � �

−� � � �
� � � �

⎤
⎥⎥⎦
⎡
⎢⎢⎣

� � −� �
� � −� �
� � � −�
� � � �

⎤
⎥⎥⎦ .

�
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�� ����� ����� ���

�� ���� � !"#� x �= ō $%&� '#( #)! *!#�+ �,-! .%/��0 *,123 .%43 5!�%�! 6�#��3 #7 ���� ��	

.%43 5!�%�! �� 89�&�  " �� *xTAx = � ,�!" $%7!�: ; �< .�!  " *�&�=�3 >�< Ax = ō  "

.�!#��&� �,-! A ?"�� ,123
�x �= ō : Ax = ō,

�,-! .%/��0 A 6�#��3 *�&4�
�"��=�3 ?�%� *��@=�3 �3!"!  " �� �!=�%A9 B��9  " ����� ����� ?" C@ ,-"=�� $D� �E�!

�� H ����� �	
	� ��� ����� ������ ����� ��	� ���� ������ A ∈ R
n×n �� � !�" ���� ����

#���$%&�#� '$�' '%() ��	� ��*+ �,� -
A = HTH,

.$%, #� HT ����� /� hij �,� - �� $' #�
h�� =

√
a��,

hij =
(
aij −

j−�∑
k=�

hikhjk

)/
hjj , i = �, �, . . . , n; j = �, �, . . . , i− �, 012�13

hii =
(
aii −

i−�∑
k=�

h�ik
) ��

, i = �, �, . . . , n, 014�13

��5%���� #�6�7�
� �"�� F�G HIJK LG#3 �� ;�1M! �!#� ����	


6�#��3 ����� ����� ��� ����

A =

⎡
⎢⎢⎣

� � � �
� �� � �
� � � �
� � � �

⎤
⎥⎥⎦ ,

�HNNK �� C@ ,-"=�� ! 
$� !" �O�� �%A9 �� �G�� �� �����

h�� =
√
a�� = �,
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�
�

�P: ;Q"�43 R�SD-" �"�T UV � ��

+! �&D�7 ; �1T HT 6�#��3 WC! ?�D- ��7=��! " •

h�� =
a��
h��

= �, h�� =
a��
h��

= �, h�� =
a��
h��

= �,

+! �&D�7 ; �1T HT 6�#��3 XC" ?�D- ��7=��! " •

h�� =
(
a�� − h���

) ��
= �,

h�� = (a�� − h��h��) /h�� = �,
h�� = (a�� − h��h��) /h�� = �,

+! �&D�7 ; �1T HT 6�#��3 X�- ?�D- ��7=��! " •

h�� =
(
a�� − h��� − h���

) ��
= �,

h�� = (a�� − h��h�� − h��h��) /h�� = �,

+! �&D�7 ; �1T HT 6�#��3 X �Y� ?�D- ��7=��! " •

h�� =
(
a�� − h��� − h��� − h���

) ��
= �.

+! ,-! ; �1T A 6�#��3 ����� ����� .�!#��&�

A =

⎡
⎢⎢⎣

� � � �
� � � �
� � � �
� � � �

⎤
⎥⎥⎦
⎡
⎢⎢⎣

� � � �
� � � �
� � � �
� � � �

⎤
⎥⎥⎦ .

�

���� ������ �� !�"�� �� �#$ %&'�(� )�*�+' ,- ���� .���- ��/0� '�1(2 3����
45�� 67(� 8�179� : �2��

*,Z�9 .�!  " �$�"#� �1-�[3 N�\�� ]^�#�+  " ! �2_23 R�SD-" `� UV �!#� a���V W�ZT! "!�4�
" �3 a���V W�ZT! "!�4� �� C �1-�[3 ! ����� $D� �E�! �� 6�#��3 ����� �!#� a���V W�ZT! "!�4�
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�
�

�� ����� ����� ���

�$%&�=�3 LZG �2_23 R�SD-" C" UV �!#� +�%0
b����� $D� �E�! �� 6�#��3 ����� �!#� a���V W�ZT! "!�4�

�7 cG "!�4� = n;

�7=d#e "!�4� =
( ����� $D� �E�! XC" ��"�43 +!︷ ︸︸ ︷�+ (�+ �) + (�+ �+ �) + · · ·+ (�+ �+ · · ·+ (n− �)

)

+
( ����� $D� �E�! X�- ��"�43 +!︷ ︸︸ ︷�+ �+ · · ·+ (n− �)

)
= (n− �)× �+ (n− �)× �+ · · ·+ �× (n− �) + n(n− �)

�
=

n−�∑
k=�

(n− �− k)k +
n(n− �)

�

= (n− �)
n−�∑
k=�

k −
n−�∑
k=�

k� + n(n− �)
� =

n� − n

� ;

�7=$%�f� "!�4� = �+ �+ · · ·+ (n− �) = n(n− �)
� ;

�7=LZG "!�4� = �7=d#e "!�4� = n� − n

� .

b$� !" *�2_23 R�SD-" C" UV �!#� X+Q ;�1-�[3 "!�4� �� ;�1-�[3 "!�4� .�! LZG ��

�7 cG "!�4� = n;

�7=d#e "!�4� = n� − n

� + �× n(n− �)
� =

n� + �n� − 	n
� ;

�7=$%�f� "!�4� = n(n− �)
� + �n =

n� + �n
� ;

�7=LZG "!�4� = n� − n

� + �× n(n− �)
� =

n� + �n� − 	n
� ,

,-"=�� ! W�Y�3 n �� ��"�43 n R�SD-" `� UV �!#� ����� $D� �E�! X+Q ;�1-�[3 U� "!�4� ��
�� �� ���V  " ,-!O(n�/�) �1�#3 +! ����� $D� �E�! �� X+Q W�ZT! "!�4� .�!#��&� ��7"=�3

�,-! O(�n�/�) �1�#3 +!
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�
�

�� ������ ������ ���� �� � ��

�����	
 � ����� �	����� ���
�� �� Ax = b �� ������ ������ �� �! " #$%�&� ��'()*+ ,�-� ./! �012 ��'(34" +�
���5��! #2+6�'�7�� +*�78 9$:� ;�&� <! => �?+!� <�$? @"�&� A�:�! ���/< �!��B =" �'()*+ ./! C�8
�DED� ��� � $F(�<!�?! �! " ,./! "�7" C�D" �'!D� G$2� ;!DE <! @1/ %B �'(HI �J�� !KL * �77>(��
MDND� ./! =" =�!�! +� => #/+!� O/ B�� �/ +!� " P/ �F+9" =1��Q� =" <�$? ,�J�� @1/ %B ;!DE +�

C�D8(�� =��!� R
��'(�FS/* �" ‖ · ‖ : Rn −→ R T8��? U�+!� " V ?W ���� �����

UXL!W ∀x ∈ R
n, ‖x‖ ≥ �;

U;W ‖x‖ = �⇐⇒ x = ō;

UYW ∀λ ∈ R, ∀x ∈ R
n, ‖λx‖ = |λ|‖x‖;

U�W ∀x ∈ R
n, ∀ y ∈ R

n, ‖x+ y‖ ≤ ‖x‖+ ‖y‖,

C�D8(�� ��$��? Rn �*+ ������� 	�
� P/
Z�D8(�� H�$"  /< X/ �B [L�2 +� �+!� " ��'(V ? <! A�\� �7]

�+DJ =" [$B B(=" x = [x�, x�, . . . , xn]T +!� " �! " l∞ * lp ,l� ��'(V ? ���� �����

‖x‖� =
n∑

i=�
|xi|,

‖x‖p =
( n∑
i=�
|xi|p

) �
p
, p ≥ �,

‖x‖∞ = max�≤i≤n |xi|,

C�?D8(�� X/ �B
,R =" G0��� x => ��L�� �! " ! /< ^�D8(�� ��$��? x ���$02! V ? �J�� V ? ,p = � => ��L�� +�
�J�� V ? ,p =∞ => ��L�� +� ,.$7_:' C�'�(�� =`!+! !+ a�1� <! x =0J�� V ? ./! ,�8�" R� �/ R�
�?+!� P/ <!  �:> l∞ * l� ,l� ��'(V ? => R

� +� @/�'+!� " < � ,bC� �c8 C�7��?(�� #:/9>�� V ? !+
C�'�(�� H�d? !+
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�
�

�� �&/ B�� * �+!� " ��'(V ? eC�

C�?+!� +! 2 �c8 ./! ��!� P/ <!  �:> l∞ * l� ,l� V ? �" R� +� @/�'+!� " ZbC� �c8

,l� ��'(V ? �! " ,V ? UYW * U;W ,UXL!W ��'(�FS/* �+! 2 " ��+ " ,���� ./ :B P/ H!D7� ="
�! " ,V ? U�W �FS/* ��+ " �! " C�D8(�� +!KF!* ��7?!D� =" b�C� X/ �B +� ��8 X/ �B l∞ * l�

=" =EDB �" * ,y = [y�, y�, . . . , yn]T * x = [x�, x�, . . . , xn]T f � �" ,l∞ * l� ��'(V ?
|xi + yi| ≤ |xi|+ |yi|, i = �, �, . . . , n,

#/+!�

‖x+ y‖� =
n∑

i=�
|xi + yi|

≤
n∑

i=�

(|xi|+ |yi|) = n∑
i=�
|xi|+

n∑
i=�
|yi| = ‖x‖� + ‖y‖�,

‖x+ y‖∞ = max�≤i≤n |xi + yi|
≤ max�≤i≤n

{|xi|+ |yi|} = max�≤i≤n |xi|+ max�≤i≤n |yi| = ‖x‖∞ + ‖y‖∞.

C�D8(�� H�$"  /< =$g2 !��"! ,l� (V ? �! " ,V ? U�W �FS/* ��+ " �! "
�� ��� �� U�'(MD:h� �! " 9B+!D86�c&�D>�$?D"6�d> �*�&��?W ���� ����
x = [x�, x�, . . . , xn]T , y = [y�, y�, . . . , yn]T ,

������
 �Rn ��
n∑

i=�

∣∣xiyi∣∣ ≤ ( n∑
i=�

x�i
) ��( n∑

i=�
y�i
) ��

= ‖x‖� · ‖y‖�, ������
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�
�

�� ������ ������ ���� �� � ��

���� ������
� C�D8 MDE+ ijkl mE � =" ��1n! �! " ����	


#/+!� bbC� =$g2 =" =EDB �"

‖x+ y‖�� =
n∑

i=�
(xi + yi)

� =
n∑

i=�
x�i + �

n∑
i=�

xiyi +
n∑

i=�
y�i

≤ ‖x‖�� + �‖x‖� · ‖y‖� + ‖y‖�� = (‖x‖� + ‖y‖�)�.

=h$�? +�
‖x+ y‖� ≤ ‖x‖� + ‖y‖�.

X/ �B ‖x−y‖�+DJ =" +!� " *� ./! .$" =0J�� ,�78�"Rn +� @/�'+!� " y * x ��F ' ���������
C�D8(��

����� �‖ · ‖ �� !"� ������ 	�
 ��� �� ���� ����
|‖x‖ − ‖y‖| ≤ ‖x− y‖.

�� ������ ������ ����  	!

�� ����x� + �����x� − ��� ���x� = �����,
�� ����x� + �	� 
��x� + �� 	���x� = ��� ���,
�� �	��x� + �� �
��x� + �� 	���x� = �� ����,

,������ ./! ���! " �`9E� $F+DQ� �"  F! CT�! [x�, x�, x�]T = [�, �, �]T ;!DE�!+!�
@1/ %B ;!DE ,�*+ +�>(=" ,�7>(�� ���5��! �:2+ o7R +*�78 9$:� ;�&� <! => � BD$p��> +�

x̃ = [x̃�, x̃�, x̃�]T = [�� ����, �� �����, �� �����]T ,
 "! " @1/ %B ;!DE * G$2� ;!DE ��'+!� " .$" l∞ * l� ,l� =0J�� C�/I(�� T��(="

‖x− x̃‖� = �� ����+ �� �����+ �� �
�	� = �� �
���,
‖x− x̃‖� =

(�� ����� + �� ������ + �� �
�	��) �� = �� ����	,
‖x− x̃‖∞ = max

{�� ����, �� �����, �� �
�	�} = �� ����,
[/ %B x̃� �L* ^�7�&' x� * x� �! " [$B B(=" @"D� ��'([/ %B x̃� * x̃� ��'(=5Lq� =] F! C�7�&'
� C�D8(�� [L�r �'(V ? =1��Q� +� * ��D" x� �! " @1��7��?
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�
�

�� �&/ B�� * �+!� " ��'(V ? eC�

�7?�� �+!� " ��F ' T�! ! s:' ‖ · ‖ V ? =" T1&? Rn +� �'+!� " <! {x(k)}∞k=� =L�1?� ���� �����
=>(�+Dt(=" �8�" =�8!� �DE* x ∈ R

n

lim
k→∞

‖x− x(k)‖ = �.
=>(�+Dt(=" �8�" =�8!� �DE* Nε �7?�� ��1\� u$QJ ��� ε > �  ' �!<! =" ��F ' , s/� �+�1� ="

∀k ≥ Nε, ‖x− x(k)‖ < ε.

#$&/D?(�� * ��$��? {x(k)}∞k=� =L�1?� �� !+ x +!� "
lim
k→∞

x(k) = x.

CT���c/ ! s:' =L�1?� P/ �� T�!  >v =" V<�
T1&? @/! s:' ,V ? P/ =" T1&? @/! s:' ��F ' ,#$/DF A���� !+ ‖ ·‖b * ‖ ·‖a V ? *� ���������
�78�" =�8!� �DE* m * M �7?�� T1\� * (T"�n �!��! ��F ' , s/� �+�1� =" ^�'� =h$�? !+  s/� V ? ="

=>(�+Dt(="
∀x, m‖x‖b ≤ ‖x‖a ≤M‖x‖b.

����� �x ∈ R
n �� ��� �� ���� ����

‖x‖∞ ≤ ‖x‖� ≤ ‖x‖� ≤
√
n‖x‖� ≤ n‖x‖∞.

=> �8�" x <! �!(=/!+� xk �$7> f � ����	

‖x‖∞ = max�≤i≤n |xi| = |xk|,

#/+!� ,�+DJ ./! +�

|xk|� ≤
n∑

i=�
|xi|� ≤

( n∑
i=�
|xi|

)�
=

( n∑
i=�

� · |xi|
)�

≤
( n∑
i=�

��
)( n∑

i=�
|xi|�

)
= n

n∑
i=�
|xi|�

≤ n
n∑

i=�
|xk|� = n�|xk|�.

./! "�7"
‖x‖∞ ≤ ‖x‖� ≤ ‖x‖� ≤

√
n‖x‖� ≤ n‖x‖∞.

�
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�
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�� ������ ������ ���� �� � ��

H�d? H!DB(�� C�7�&' A���� #' �" ‖·‖∞ * ‖·‖� ,‖·‖� ��'(V ? �'�(�� H�d? bwC� =$g2 ���� "#$�
A���� ,(�'�7�� ��x" �" ��g� �*+ �'(V ? V�:B ,�0> +Dt(=" C�7�&' A���� R

n �*+ �'(V ? V�:B => �!�
C�7�&'

R �*+ n × n ��'(O/ B�� =:' �+!� " ��g� Mn(R) �$7> f � U�&/ B�� V ?W ���� �����
y/! 8 +� ��F ' ,�7��?(�� �#���$�� 	�
� !+ R =" Mn(R) <! ‖ · ‖T8��? C�8�"

UXL!W ∀A ∈M, ‖A‖ ≥ � & ‖A‖ = �⇐⇒ A = Ō,

U;W ∀λ ∈ R, ∀A ∈M, ‖λA‖ = |λ|‖A‖,
UYW ∀A,B ∈M, ‖A+B‖ ≤ ‖A‖+ ‖B‖,
U�W ∀A,B ∈M, ‖AB‖ ≤ ‖A‖ · ‖B‖, z�&/ B�� V ? @" N /< T$J��{

C�7> |�J
��F ' �D8(�� ��$��? ���%��� ‖x‖ �+!� " V ? P/ �" ‖A‖ �&/ B�� V ? P/ ���� �����

∀x ∈ R
n : ‖Ax‖ ≤ ‖A‖‖x‖. UbjC�W

�+DJ =" HI �" +�F<�� �&/ B�� V ? P/ ,f* 5� �+!� " V ?  ' �"  }�7�� ,|D� X/ �B =" =EDB �"
‖A‖ = sup

x �=ō

‖Ax‖
‖x‖ , Ub�C�W

	�
 �� �&���� #���$�� 	�
� �/ �#'()* 	�
� ,Ub�C�W �" ��8 X/ �B �&/ B�� V ? C#$7>(�� X/ �B
UbjC�W ="!+ Ub�C�W <! => T�! uN!* C�7��?(�� 9$? �+��,"� 	�
� !+ V ? ./! C�D8(�� ��$��? �������

CT�! +�F<�� ,�&/ B�� V ? P/ ��$1t V ? , s/� �+�1� =" ,�D8(�� =h$�?
Ub�C�W OR C‖Ax‖‖x‖ = ‖Az‖ * ‖z‖ = � #/+!� ,x �= ō �! " ��F(HI ,z =

x

‖x‖ #$'� +! 2  F!
�" T�! A����

‖A‖ = sup
‖z‖=�

‖Az‖, UbbC�W

UbbC�W OR ,T�! =��D$R ��"�B ‖ · ‖ * T�! +!�?! > * =�&" {z : ‖z‖ = �} =�D:h� HD] *
�" T�! A����

‖A‖ = max
‖z‖=� ‖Az‖.

C�D8(�� =�� F  ~? +� ��$1t V ? X/ �B H!D7� =" |D� ="!+ ./! "�7"
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�
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�� �&/ B�� * �+!� " ��'(V ? eC�

�-��� ��%./0 �12�� Rn �� #��
 ‖ · ‖ �%� ���� ����
‖A‖ = max

‖z‖=� ‖Az‖,

�134.#� 5��'$ n× n ���.6��$�� �7� #-8 ��9: ��� �� �#'()* 	�
� 	�
 ;�
CA = Ō  F! y%� *  F! ‖A‖ = � #$'�(�� H�d? !��"! ����	


,O�� " C‖A‖ = � ./! "�7" C‖Az‖ = � =h$�? +� * Az = ō ,z  ' �!<! =" ��F(HI ,A = Ō  F!
./! "�7" ,‖A‖ = � #$7> f �

∀ z s.t. ‖z‖ = � : ‖Az‖ = �.
HD] * �D" �'!D� A V!i HD��  "! " Az �+DJ ./! +� ,z =

x

‖x‖ * x = ei #$7> f �  F! A��
,�+!� " V ? ��'(�FS/* =" �7" OR CT�!  5J  "! " V!i HD�� +!� " V ? ,./! "�7" ,‖Az‖ = � #/+!�

CA = Ō ./! "�7" ,�7>  $$�B n �B � <! �?!DB(�� i HD] * T�!  5J A �V!i HD��
 5J XL�4� HD�� P/ �2!�� ��F(HI ,A �= Ō  F! C‖A‖ > � ,A �= Ō �! " #$'�(�� H�d? A��
=" ,x = ej H�!� +! 2 �" C�8�"  5J XL�4� ,A(j) �7�/ ,A O/ B�� V!j HD�� �$7> f � C�+!�

#/+!� ,‖A‖X/ �B =" �7" Cz =
x

‖x‖ �$7> f � C‖x‖ > � * x �= ō #/+!� �DN*

‖A‖ ≥ ‖Az‖ = ‖Ax‖
‖x‖ =

A(j)

‖x‖
�+!� " V ? �FS/* �7" ="

> �.
#/+!� ,�'+!� " V ? UYW �FS/* <! ���5��! �" .$7_:'

‖λA‖ = max
{‖λAz‖ : ‖z‖ = �} = max

{|λ|‖Az‖ : ‖z‖ = �}
= |λ|max

{‖Az‖ : ‖z‖ = �} = |λ|‖A‖.
#/+!� ,�&/ B�� V ? UYW �FS/* ��1n! �! "

‖A+B‖ = max
{‖(A+B)z‖ : ‖z‖ = �} ≤ max

{‖Az‖+ ‖Bz‖ : ‖z‖ = �}
≤ max

{‖Az‖ : ‖z‖ = �}+max
{‖Bz‖ : ‖z‖ = �}

= ‖A‖+ ‖B‖.
OR ‖z�‖ = � => �8�" �+!� " z� #$7> f � ,�&/ B�� V ? U�W �FS/* ��1n! �! "

=h$�? +� * ‖AB‖ = ‖(AB)z�‖

‖AB‖ = ‖A(Bz�)‖
��$1t V ? �+�F<��
≤ ‖A‖‖Bz�‖

��$1t V ? �+�F<��
≤ ‖A‖‖B‖‖z�‖ = ‖A‖‖B‖.
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�� ������ ������ ���� �� � ��

#/+!� C#$7>(�� .$$�B !+ ‖ ·‖∞ �+!� " V ? �"  }�7�� �&/ B�� V ? ,�bC� =$g2 <! A�\� P/ H!D7� ="
‖A‖∞ = max

‖z‖∞=� ‖Az‖∞ = max
‖z‖∞=�

(
max�≤i≤n |(Az)i|

)

= max�≤i≤n
(

max
‖z‖∞=� |(Az)i|

)
= max�≤i≤n

(
max
‖z‖∞=�

∣∣∣ n∑
j=�

aijzj

∣∣∣)

≤ max�≤i≤n
(

max
‖z‖∞=�

n∑
j=�

|aijzj |
)
≤ max�≤i≤n

n∑
j=�

|aij |. Ub�C�W

* � ≤ p ≤ n =>(�+Dt(=" �8�" �Q$QJ ��� p �$7> f � A��
n∑

j=�
|apj | = max�≤i≤n

n∑
j=�

|aij |.

��'(=/!+� �" !+ x = [x�, x�, . . . , xn]T +!� "
xj =

{ � , apj ≥ �  F!
−� , apj < �  F!

#/+!� ,j = �, �, . . . , n  ' �!<! =" ,.$7_:' C‖x‖∞ = � #/+!� �DN* =" C�/ $s"  ~? +�
#/+!� �� t <! C apjxj = |apj |

‖Ax‖∞ = max�≤i≤n
∣∣∣ n∑
j=�

aijxj

∣∣∣ ≥ ∣∣∣ n∑
j=�

apjxj

∣∣∣ = ∣∣∣ n∑
j=�

|apj |
∣∣∣ = n∑

j=�
|apj |

= max�≤i≤n
n∑

j=�
|aij |.

./! "�7"

‖A‖∞ = max
‖z‖=� ‖Az‖ ≥ ‖Ax‖∞ ≥ max�≤i≤n

n∑
j=�

|aij |. Ub�C�W

Z� > H�$" !+  /< =$g2 H!DB(�� ,Ub�C�W * Ub�C�W <! A��
<� = �� ‖ · ‖∞ ������ 	�
 �� �>�3&� #'()* 	�
 ���� ����

‖A‖∞ = max�≤i≤n
n∑

j=�
|aij |,

�� 2.#� ?!@�
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�� �&/ B�� * �+!� " ��'(V ? eC�

Z� > T"�n !+  /< =$g2 H!DB(�� ,="�d� +Dt(="
<� = �� ‖ · ‖� ������ 	�
 �� �>�3&� #'()* 	�
 ���� ����

‖A‖� = max�≤j≤n
n∑

i=�
|aij |,

�� 2.#� ?!@�
#/+!� +�F<�� * �!D4L� �&/ B�� V ? �! " ���� "#$�

‖x‖ = ‖Ix‖ ≤ ‖I‖‖x‖ x�=ō
=⇒ ‖I‖ ≥ �.

m2!* +� ,T�! P/  "! " �?�:' O/ B�� ��$1t V ? .$7_:'
‖I‖ = max

‖x‖=� ‖Ix‖ = max
‖x‖=� ‖x‖ = �.

�+DJ =" * ��8 ��!� 3/�:? ρ(A) �" An×n ��" � O/ B�� �5$t M��8 ���� �����
ρ(A) = max�≤i≤n |λi|,

C�7�&' A O/ B�� �S/*  /��%� ,i = �, �, . . . , n ,�'λi HI +� => ,�D8(�� X/ �B
CT�! ��8 ��!� H�d? ���" =$g2 +� =>(+Dt(H�:' ,�+!� �c/�9? ��1B+! O/ B�� V ? �" �5$t M��8

��%./0 �12�� n× n #,(,A 6��$�� ;� A ��%�� ���� ����
B‖A‖� = √

ρ(ATA) �5"��
�ρ(A) ≤ ‖A‖ �‖ · ‖ #'()* 	�
 �� ��� �� �C�

 1E �+� +� => ,�+!� <�$? A O/ B�� .$�B  /��%� �+D� +� �B���t! =" UXL!W T:&2 ��1n! ����	

+!�%� P/ λ �$7> f � ,U;W T:&2 ��1n! �! " C�D8(�� =��!� R HI =" ���� 9$L�?I �/ ���� ��

,�7�/ ,�8�" λ  $~? �S/* +!� " x * A O/ B�� �!D4L� �S/*
Ax = λx.

./! "�7"
|λ|‖x‖ = ‖λx‖ = ‖Ax‖ ≤ ‖A‖‖x‖,
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�� ������ ������ ���� �� � ��

=h$�? +� * x �= ō OR ,T�! �S/* +!� " x HD] *
|λ| ≤ ‖A‖,

#/+!� ,�D" �!D4L� �S/* +!�%� λ HD] �� t <!
ρ(A) ≤ ‖A‖.

�

O/ B�� �! " ����  	!


A =

[ � −�
−� �

]
,

#/+!�

ATA =

[ �� −

−
 �

]
.

#/+!� ,�8�" ATA �S/* +!�%� λ  F! ,./! "�7"
λ� − ��λ+ �	 = � =⇒ λ = �±√	�.

=h$�? +�

‖A‖� = � ; ‖A‖∞ = � ; ‖A‖� =
√
�+√	� ≈ �� ��.

�

�%&'(�	�
 �)	*#+� ,-	. ���
,34" ./! +� C�8 �Q" y = f(x) U��L�� )D� �/ ��L�� �"W =L�&� TL�� =" mE!+ ,A*! �-� +�
�" �/ ��L�� )D� �" VD�5� ./! ��1B+! * ������ P/ �"  }�7�� TL�� ��� ,�� ������ (������ TL��
� /��%� b T"�n +!� " * A O/ B�� ��'(=/!+� ,Ax = b ��� ������ +� C�8 �'!D� ��+ " HI ��L��
./! ��2* ,./!  " �*�� C�7�&' �� f �� +� !KL * ���I T��(=" ��1��Q� �/ 3/��<I <! => �7�&'
�DE*(=" 9$? H� >� F ��� ,�D8(�� A�:�! ������ �*+ �/ �D8(�� ��!�  BD$p��> =" �'(T$:>

C�/I(��
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�� ���	�� ��	���� ��	� ���
'=2- ;+) #� >�9 ?@- y = f(x) A��3�� B/� �+ ��3�� �-C �3�D� (3�� �- EF)# 'G$) �H5 #�
�- �+ ��3��B/� �- I/JK� ;+) L�M8#) $ ������ N+ �- ,O�<�� (3�� ��� '�������� P������ (3��
�,+��4� b(-�Q #)�,- $A%+,8�� ��RP�+)#� 'Ax = b S�� ������ #� >�9 �R)/� ��#,- .T ��3��
;+) ��U$ ';+) ,- �$V� >�<�DR �� W,�� #� )X3 $ ���T (��P�- ��M��@� �+ =+��7T 7) �Y �<�DR
�/F$P�- Z!" .�,Y�,: ��� '�/9P�� G�[�) ������ �$# �+ �/9P�� ��)� ,8/!\��Y �- �RP(![Y

>�+TP��
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��

�� �� ������ P������ (3�� ]>�

)# ������ '�/9 x ^)/F #� N0/Y �),!!_8 �- , <� b �+ A #� N0/Y ��R�� ,:) ���� �� �!
>�/9P�� ��!��" ����� ��	 '������ �#/` ;+) ,!a #� $ ����� 
��	

�� ������ �"�� �	
�{
x+ �� 	�y = �,
�� 	�x+ y = 	, Abc>�C

d!U� ^)/F �-
x = −�				

�	� , y =
�	�		
�	� ,

�#/` �- e+),f %+,8�� #� �Y�") GV��) �- ),+7 g(�) (3�� �-{
x+ 	� 

y = �,
	� 

x+ y = 	, Abh>�C

d!U� ^)/F �)#)� �+�F ������
x =

�				
�

 , y = −

		

�

 ,

>�#)� =��5 �5V��) Abc>�C ������ ^)/F �- �Y '(�)
α = 	� 

 $ α = �� 	� �)7) �- e!8,8P�- 'ci>i G�j� ������ .�[R Abh>�C $ Abc>�C ��RP������

>(�) (3�� �- α ≈ � �)7) �- ������ ;+) '�9 �#�9) Z!" G$) �H5 #� �Y #/6P.�[R >�<�DR
�<�+ 'Abc>�C ������ e+),f %+,8�� �),-

A =

[ � �� 	�
�� 	� �

]
,

1+#)�
‖A‖∞ · ‖A−�‖∞ = �� 	�× �	�.

�

�#/` �- $ ��9 ��)� =+�[" κ(A) �- A%+,8�� (3�� ��� ���� �� �!
κ(A) = ‖A‖ · ‖A−�‖,

�/9P�� k+,�8 '�9�- ;!l8 A%+,8�� ,:) >�/9P�� k+,�8
κ(A) =∞.
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��," �- (MD" (3�� ��� ,:) 'G�� ,RP�- >(�) ��D-)$ I," �- (3�� ��� (�) ,Ym �- I7� �#�� $�%&
�Y (�) ;+) (3�� ��� �:*+$ N+ ';+) ,- �$V� >(�) n#Z- Z!" ,o+� ��RPI," �- (MD" '�9�- n#Z-

1+#)� ),+7 >κ(A) ≥ � '��!M6 I," ,R #�
I = AA−� =⇒ � = ‖I‖ = ‖AA−�‖ ≤ ‖A‖ · ‖A−�‖ = κ(A).

#/6 �- �Y �"��7 $ (�) (3�� B/� �+ Ef$ B/� A%+,8�� '�9�- N+ N+�Z" κ(A) ,:) 'EU)$ #�
>�/9P�� ��!��" (3�� �- �+ Ef$ �- A%+,8�� '�9�- N+ 7) ,8Pn#Z- �)P�p�V� �-�U

n �M8,� �,Mq!R %+,8�� 'n ≥ � ��!M6 ����,R �)7) �- ���� �	
�

Hn =

⎡
⎢⎢⎢⎢⎢⎣

� �� · · · �
n

�� �� · · · �
n+�>>> >>> > > > >>>

�
n

�
n+� · · · ��n−�

⎤
⎥⎥⎥⎥⎥⎦ ,

1+#)� 'n = �, �, � �)7) �- '�"/[" �),- 'EU)$ #� >(�) (3�� �-
κ∞(H�) = �� , κ∞(H�) = ��� , κ∞(H�) ≈ �� ��× �	�.

�

>�<YP��r2s� )#Ax = b ������ .�/- (3�� �- �+ (3��B/� 'A%+,8�� (3�� ��� ���� $�%&
'eq� ;+) >(�) (3�� �- Ax = b ������ '�9�- n#Z- ���� κ(A) �Y t+�RP%+,8�� �),- EU)$ #�

>�/9P�� ��)� .�s" �!uU �<0 �6 ��)�) #�
�D+,8��A%+,8�� �!<YW,5 A(Mj� ;!�� v)�!Y) %+,8�� (3�� ��� �M��@� �),- �9$#C ���� $�%&
'ρ(ATA) = |λmax|� )X3 $ATA = A��#/`;+) #� >A.#�4�� � !�" #� $C �9�-(Mj� ;!�� v)�!Y)
A �l<+) �- �F/8 �- ';!<w[R >(�) dq� #�U ,p" 7) A%+,8�� �*+$ #)�4� ;+,8Pn#Z- λmax .T #� �Y

� !�" #� $ �<�DR (Mj� $ �4!4� �o[R .T �*+$ ,+��4� '(�) (Mj� ;!�� v)�!Y)
‖A‖� =

√
ρ(ATA) =

√
λ�max = λmax.

;+),-�<- >‖A−�‖� = �
λmin

1+#)� 'λ(A−�) = �
λ(A)

�l<+) 7) ';!<w[R

κ�(A) = ‖A‖� · ‖A−�‖� = λmax

λmin

#� )# '�/9P�� Ax = b ������ .�/- (3�� �- �- , <� 'κ(A) .�/- n#Z- �Y eq� ;+) 'x<+)
>1!<YP�� ��#,- ��)�)
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�� �� ������ P������ (3�� ]>�

b ��'( �)� ('� * (� �+��' "����
;+) #� >1!9�- ��9)� )# b̃ #)�,- b ��FP�- $ �9�- ��9)� �/F$ t+�� b(�)# ([� #)�,- #� �!<YW,5

1+#)� �<�+ '�/- �R)/� x̃^)/F #)�,- �#/`
Ax = b ; Ax̃ = b̃.

1+#)� 'y/5 �-)# $� d+,K8 �- >�9�- ;!l8�" A �!<Y W,5
A(x− x̃) = b− b̃. Abz>�C

�- #�Y ;+) >�#$T (��P�- .T �),- ��- .),Y N+ .)/8P�� )X3 '(D!" (�� #� '�� #)�,- 'x − x̃ ./0
��!M6 I," '��5# #�YP�- ��RP%+,8�� I," �Y �,Y 1!R)/�W,5 '%& ;+) 7) >�/9P�� I� ") �RPI," 7) ���K��)

1+#)� 'Abz>�C 7) >�<�DR
‖x− x̃‖ = ‖A−�(b− b̃)‖ ≤ ‖A−�‖‖b− b̃‖.

1+#)� 'tMD" GV��) �#$T,- �),- >�R�P�� .�s" )# x GV��) �7)�") ;+)
‖x− x̃‖
‖x‖ = ‖A−�‖ · ‖b− b̃‖

‖x‖ . Ab]>�C

� !�" #� '‖x‖ ≥ ‖b‖
‖A‖ 1+#)� %& '‖b‖ ≤ ‖A‖‖x‖ �Y t+� "T 7)

�
‖x‖ ≤

‖A‖
‖b‖ . A{|>�C

�/9P�� � !�" A{|>�C $ Ab]>�C 7) ;+),-�<-
‖x− x̃‖
‖x‖ ≤ κ(A) · ‖b− b̃‖

‖b‖ . A{i>�C

1+#)� 'A(x− x̃) = b− b̃ 7) ;!<w[R

‖b− b̃‖ ≤ ‖A‖‖x− x̃‖ =⇒ ‖b− b̃‖
‖A‖ ≤ ‖x− x̃‖, A{�>�C

1+#)� 'x = A−�b 7) $

‖x‖ ≤ ‖A−�‖‖b‖ =⇒ �
‖A−�‖‖b‖ ≤

�
‖x‖ , A{b>�C
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�������� ������ ���� �� � ��

(9)� 1!R)/� A{b>�C $ A{�>�C 7) � !�" #�
�

κ(A)
· ‖b− b̃‖
‖b‖ ≤ ‖x− x̃‖

‖x‖ . A{{>�C
(9/" .)/8P�� 'A{{>�C $ A{i>�C 7) x<+)

�
κ(A)

· δ(b) ≤ ‖x− x̃‖
‖x‖ ≤ κ(A) · δ(b), A{}>�C

>(�) b #)�,- #� tMD" ��� δ(b) :=
‖b− b̃‖
‖b‖ .T #� �Y

b #� tMD" ��� ,-),- κ(A) 7) x #� tMD" ��� �Y �R�P�� .�s" A{}>�C (�)# ([� �$�D��"
�~0/Y GV��) ��:P.T '�9�- N0/Y (3�� ��� ,:) �Y 1!<YP�� �p�V� �$�D��" ;+) 7) >(D!" ,8Pn#Z-
N+ ��:P.T '�9�- n#Z- A%+,8�� (3�� ��� ,:) ;!<w[R >�/9P�� x #� �~0/Y GV��) �- , <� b #�
�� +) Ax = b ������ ^)/F #� )# �:#Z- tMD" GV��) N+ (�) ;~[� b #� N0/Y tMD" GV��)

�<�+ 'ci>i G�j� ������ e+),f %+,8�� ',�s!- �!f/8 �),- $ G�j� .)/<� �- >�<Y

A =

[ � α

α �
]
,

�#/` �- %+,8�� ;+) �/l�� >�+,!o- ,p" #� )#

A−� =
[ − �

α�−� α
α�−�

α
α�−� − �

α�−�

]
,

1+#)� α > 	 �),- (+�J"Pt-�I," 7) ���K��) �- >(�)
‖A‖∞ = α+ �, ‖A−�‖∞ =

�
|α− �| .

;+),-�<-
κ(A) =

α+ �
|α− �| .

.)/<� �- >(�) (3�� �- ������ N+ α ≈ � �)7) �- ������ ;+) �/9P�� �p�V� '(3�� ��� �- �F/8 �-
1+#)� 'α = �� 		� �)7) �- G�j�

κ(A) = �� 		�× �	�,
)# ,8Pn#Z- #�- � × �	� tMD" GV��) N+ (�) ;~[� b #� N0/Y tMD" GV��) N+ ��3�� ;!<0 #�

>�<Y �� +) Ax = b^)/F #�
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�" �� ������ P������ (3�� ]>�

A ,� !	� -	.�$�'(� (� �+��' �����
x  (A + δA)x = b ������ ���� x + δx  ���� ������ ������ A ��!" #�$ ���� ����

%�&�� '&�( ��� &� )‖A−�‖‖δA‖ < � ��!" #�$ ��!*+, )�!��� Ax = b -�.� ����

‖δx‖
‖x‖ ≤

κ(A) · ‖δA‖‖A‖
�− κ(A) · ‖δA‖‖A‖

. /01)23

1+#)� )���	


(A+δA)(x+δx) = b =⇒
=b︷︸︸︷
Ax +Aδx+δA(x+δx) = b =⇒ Aδx = −δA(x+δx).

� !�" #�

δx = −A−�δA(x+ δx) =⇒ ‖δx‖ ≤ ‖A−�‖‖δA‖(‖x‖+ ‖δx‖)
=⇒ ‖δx‖(�− ‖A−�‖‖δA‖) ≤ ‖A−�‖‖δA‖‖x‖.

;+),-�<- >�− ‖A−�‖‖δA‖ > 	 1+#)� '‖A−�‖‖δA‖ < �W,5 �- �<-

‖δx‖
‖x‖ ≤

‖A−�‖‖δA‖
�− ‖A−�‖‖δA‖

=

κ(A) · ‖δA‖‖A‖
�− κ(A) · ‖δA‖‖A‖

.

�

'A #� N0/Y �),!!_8 'A (3�� B/� %+,8�� �),- �Y �/9P�� � !�" A{c>�C �$�D��" 7)
#� N0/Y �),!!_8 'A (3�� �- %+,8�� �),- �3$ g�<YP�� �� +) x ^)/F #)�,- #� N0/Y �),!!_8

>�<Y �� +) x^)/F #)�,- #� �s��5 �),!!_8 (�) ;~[� A
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����
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�������� ������ ���� �� � ��

A ,� !	� -	.�$�'(� / b ('� * -	.�$�'(� (� �+��' #����
4� x + δx ���� )���� ‖A−�‖‖δA‖ < �  ������ A ��!" #�$ ���� ����

5�6� ��+7� �� �& Ax = b 4� x ���� (A+ δA)x = b+ δb

‖δx‖
‖x‖ ≤

κ(A)

�− κ(A) · ‖δA‖‖A‖

(‖δb‖
‖b‖ +

‖δA‖
‖A‖

)
, /08)23

)�!"9� :��;�
1+#)� )���	


(A+ δA)(x+ δx) = b+ δb =⇒
=b︷︸︸︷
Ax +Aδx+ δA(x+ δx) = b+ δb

=⇒ Aδx = δb− δA(x+ δx).

� !�" #�
δx = A−�δb−A−�δA(x+ δx)

=⇒ ‖δx‖ ≤ ‖A−�‖‖δb‖+ ‖A−�‖‖δA‖(‖x‖+ ‖δx‖)
=⇒ ‖δx‖(�− ‖A−�‖‖δA‖) ≤ ‖A−�‖‖δb‖+ ‖A−�‖‖δA‖‖x‖.

;+),-�<- >�− ‖A−�‖‖δA‖ > 	 1+#)� '‖A−�‖‖δA‖ < �W,5 �- �<-
‖δx‖
‖x‖ ≤

‖A−�‖‖δb‖(�− ‖A−�‖‖δA‖)‖x‖ +
‖A−�‖‖δA‖

�− ‖A−�‖‖δA‖
=

κ(A)

�− κ(A) · ‖δA‖‖A‖
· ‖δb‖
‖A‖‖x‖ +

κ(A)

�− κ(A) · ‖δA‖‖A‖
· ‖δA‖‖A‖

≤ κ(A)

�− κ(A) · ‖δA‖‖A‖
· ‖δb‖‖b‖ +

κ(A)

�− κ(A) · ‖δA‖‖A‖
· ‖δA‖‖A‖ .

(9)� 1!R)/� )X3
‖δx‖
‖x‖ ≤

κ(A)

�− κ(A) · ‖δA‖‖A‖

(‖δb‖
‖b‖ +

‖δA‖
‖A‖

)
.
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